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Abstract
Let G be a finite p-group and C be a conjugacy class of G. We prove
that the order complex of the subrack poset of C is homotopy equivalent
to a (m − 2)-sphere, where m is the number of maximal elements in the
subrack poset.
A rack R is a set (possibly empty) together with a binary operation ⊲ satisfying the
following two axioms:
(A1) for all a, b, c ∈ R we have a ⊲ (b ⊲ c) = (a ⊲ b) ⊲ (a ⊲ c)
(A2) for all a, b ∈ R there is a unique c ∈ R such that a ⊲ c = b.
Since (A2) tells us fa : R → R; c 7→ a ⊲ c is a bijection for every a ∈ R, and since
(A1) (self distributivity) means that fa respects to the structure of R, an alternative
definition of a rack would be that it is a set with a binary operation such that left
multiplications are automorphisms of the set. We say R is a quandle if, in addition, it
satisfies the following axiom:
(A3) for every a ∈ R we have a ⊲ a = a.
A subrack of a rack R is a subset of R which is a rack. The set of subracks of R,
denoted R(R), form a partially ordered set (abbreviated poset) under set-theoretical
inclusion. The order complex ∆(R(R)) is defined as the abstract simplicial complex
of all linearly ordered subsets of R(R) \ {R, ∅}. One of the motivating themes is that
definition of a rack (or quandle) axiomatize the group conjugation operator. In a recent
preprint [1], authors studied R(R) and ∆(R(R)), where R is a union of conjugacy
classes in a finite group G. In particular, they showed that up to homotopy ∆(R(G))
is a (c − 2)-sphere, where c is the number of the conjugacy classes of G. In this short
note, we prove a similar result in the case of conjugacy class racks.
Proposition 1. Let G be a finite p-group and C be a conjugacy class of G. Then
∆(R(C)) is a (m− 2)-sphere, where m is number of maximal elements of R(C).
We need a couple of auxiliary results before proving Proposition 1.
Lemma 2. In a finite p-group which is not cyclic of prime power order, subgroups
generated by the conjugacy classes are proper.
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Proof. This follows from the facts that any element is contained in a maximal subgroup
(except in a cyclic group of prime power order) and maximal subgroups are normal in
nilpotent groups.
A conjugacy class C is called connected if the action of 〈C〉 on C by conjugation is
transitive.
Corollary 3. In a finite p-group, conjugacy classes of a non-central element is not
connected.
Proof. Let G be a counter example, i.e. G is a p-group and there exist a conjugacy class
C of G such that |C| > 1 and 〈C〉 acts on C by conjugation transitively. By Lemma 2,
H := 〈C〉 is a proper subgroup of G. Clearly, C is a conjugacy class of H. For H being
a p-group, Lemma 2 implies 〈C〉 < H which is a contradiction.
Actually Lemma 2 and Corollary 3 are valid for nilpotent groups.
Lemma 4. Let G be a p-group and C be a conjugacy class of G. Then the maximal
subracks of C are the unions of all but one H-orbits of elements of C, where H := 〈C〉.
Proof. Observe that C =
⊔
m
i=1Ci is the disjoint union of some H-orbits Ci, 1 ≤ i ≤ m.
By Corollary 3, the number m of those orbits is greater than one. Suppose contrarily
there exist a maximal subrack M of C which is not the union of H-orbits of C except
one. If M ∩Ci = ∅ for some 1 ≤ i ≤ m, then C \Ci is a proper subrack of C containing
M contrary to our assumption. Therefore M ∩ Ci 6= ∅ for any 1 ≤ i ≤ m. Let A be a
H-orbit which is not contained by M .
Since any H-orbit is actually a conjugacy class of H, if a normal subgroup N of
H contains an element of Ci for some 1 ≤ i ≤ m, then it contains all the elements of
Ci. Consider the normalizer NH(M). If NH(M) = H, then M ∩A would be a H-orbit
contrary to our assumption. Thus NH(M) is a proper subgroup of H. Next suppose
that NH(M) is a normal subgroup of H. Then C ⊂ NH(M) as M ∩ Ci 6= ∅ for any
1 ≤ i ≤ m implying NH(M) ≥ 〈C〉 = H which is a contradiction. Hence NH(M) is
a proper non-normal subgroup of H. As H is a p-group, maximal subgroups of H are
normal; so there exist a normal subgroupK of H containing NH(M) properly. However,
this yields again a contradiction as K ∩ Ci 6= ∅ for any 1 ≤ i ≤ m but K is a proper
normal subgroup of H by assumption.
Proof of Proposition 1. Let G be a p-group, C be a conjugacy class of G and H be the
subgroup of G generated by the elements of C. Consider the endomorphism φ of R(C)
taking S to S, where S is the union of H-orbits of elements in S. Clearly, S ≤ φ(S)
and S ≤ T implies φ(S) ≤ φ(T ). Moreover, φ(S) 6= C unless S = C by Lemma 4. That
is, φ is a closure operator on R(C) and this implies R(C) and φ(R(C)) are of the same
homotopy type as order complexes. Since φ(R(C)) can be identified with 2[m], where m
is the number of H-orbits in C and since ∆(2[m]) is the triangulation of a (m−2)-sphere,
we are done.
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